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Abstract: We study the Wilson loops in the three dimensional QFT from the D-branes 
in the AdS4 x CP^ geometry. We find out explicit D-brane configurations in the bulk which 
correspond to both straight and circular Wilson lines extended to the boundary of AdS4. 
We analyze critically the role of boundary contributions to the D2-branes with various 
topology and fundamental string actions. 
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1. Introduction and Summary 

Recently, Aharony, Bergman, Jafferis and Maldacena (ABJM) |]l| have proposed a new 
class of gauge-string duality between M = 6 Chern-Simons theory and type IIA string 
theory on AdS4 x CP^. More precisely, ABJM theory has been conjectured to be dual to 
M-theory on AdS4 x S"^ /Z^ with units of four- form flux which for 1 << << A;^ can 
be compactified to type IIA theory on AdS4 x CP'^, where k is the level of Chern-Simon 
theory with gauge group SU{N). The ABJM theory is weakly coupled for A << 1, where 
A = N/k is the 't Hooft coupling. 

In proving AdS5/CFT4 duality, the integrability of both the string and the gauge 
theory side has played a key role. The semiclassical string states in the bulk side has 
been used to look for suitable gauge theory operators in the dual side, in establishing 
the correspondence. This important observation makes one to believe that perhaps a 
similar structure of integrability can be employed in the recently proposed AdS4 /CFT3 to 
understand it better. Indeed in |||, ^, Q there has been attempts along this and it seems 
quite interesting to study the semiclassical rotating strings in particular sectors of the 
theory (see for example For example, the giant magnon solution and spike string 

solutions has been studied and they would certainly correspond to the trace operators in 
the three dimensional CFT^. 

Further in the gauge theory, Wilson loop operators are non-local gauge invariant op- 
erators in gauge theory in which the theory can be formulated. In the absence of matter, 
the Wilson loops in Chern-Simons theory compute topological objects as knot invariants 

^for more related work see [[L7|-|37|l 
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1 38], and are somewhat less interesting than in four dimensions, where they can be used 
as an order parameter for confinement. For theories coupled to matter, on the other hand, 
we expect to find a similar structure to the four-dimensional case of N = 4 SYM, where 
the definition of these operators involves the scalar fields in a non-trivial way. In fact, one 
defines a Wilson loop as the trace in an arbitrary representation R of the gauge group 
G of the holonomy matrix associated with parallel transport along a closed curve C in 
spacetime. Since the beginning of the proposed AdS/CFT correspondence [39|, it is known 



that Wilson loops in = 4 SYM theory can be calculated in dual description using macro- 



scopic strings |40, 41 1. This prescription is based on a picture of the fundamental string 
ending on the boundary of AdSs along the path C specified by the Wilson loop operator. 
The description of this Wilson loop in terms of a fundamental string is a well established 



part of the AdS/CFT dictionary. In a recent interesting paper |42| a class of new open 
string solutions in AdS^ were found which end at the boundary on various Wilson lines. 
It was found that these configurations arising out of the solutions to the equations of mo- 
tion corresponding to fundamental strings, they describe Wilson loops in the fundamental 
representations. 

Motivated by the recent development of AdS4/CFT3 duality, we would like to find 
out these Wilson line solutions in the AdS bulk, which will correspond to non-local gauge 
invariant operators in the CFT side. However, we will look at various D-branes in the 
AdS side and argue for the Wilson loop solutions. Some time back it was argued in very 



interesting paper |43|, for type IIB theory, that Wilson loops have a gravitational dual 
description in terms of D5-branes or alternatively in terms of D3-branes in AdS^ x 
background ^. More precisely, in |57| it was argued that a Wilson loop with matter in 
the rank / symmetric representation is better described as a D3-brane embedded in AdS^ 



with I units of electric flux. Further, it was argued in 59, ^] that a Wilson loop with 
matter in the rank I antisymmetric representation is better described by a D5-brane whose 
world-volume is a minimal surface in the AdS part of the geometry times an S^ inside the 
and that has a support from /-units of world-volume electric flux. 
Hence, it seems that perhaps there are D-brane representations in type IIA theory 
which correspond to Wilson lines in the dual 3d CFT. In fact various particle like branes 
has been found out in j^] wrapping various cycles in CP^. There are DO-branes, D2-brane 
wrapped CP^ C CP^, D4-branes wrapped on CP^ C CP^ and D6-brane wrapped on CP^ 
and so on. We will however, find out solutions for the D-branes which correspond to Wilson 
lines in the 3d boundary theory. We study the D2-brane completely in the Euclidean AdS4 



in analogy with the recent paper |65|. Moreover, by adding a surface term, in accordance 
with we find that this solution has similar form as D3-brane configuration in AdS^ 
and it corresponds to line operator in = 4 SYM theory. We also argue that the induced 
geometry on the world- volume of D2-brane is AdS2 x S^. Moreover we also show that the 
action evaluated on the classical configuration vanishes and hence we can expect that the 
vacuum expectation value of dual line operator in 3d theory is equal to one. Then our 
results can be interpreted as a support for an existence of line operators in 3d theory. It 



^For closely related works, see @ ^, ^ ||, ||, |l|, || || H, H, ||, ||, 
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would be really interesting to find their explicit form. 

As the next step we propose another D2-brane configurations with topology AdS2X S^, 
corresponding to the straight and circular Wilson lines. These after adding the boundary 
terms to cancel the divergence of the action while evaluated on a straight surface have 
shown to behave like Wilson lines that end on the boundary of AdS. 

The rest of the paper is organized as follows. In next section (|2|) we review basic 
facts about ABJM theory. Then in section (^) we review description of Wilson loops using 
fundamental string in dual geometry. Then in section (^) we study the D2-brane inside 
the Euclidean AdS4. We show that this configuration corresponds to the dual surface 
operator of dimension one. Then we study the D2-brane configuration which has AdS2X 
topology. We find the D2-branes which correspond to straight and circular Wilson line 
solutions. We study the boundary terms in both the cases. We conclude in section (|5|). 

2. Basic Facts About ABJM Theory 

The purpose of this section is to outline the basic facts about the ABJM theory. It is a 
3d superconformal Chern-Simons-matter theory with explicit N = 6 supersymmetry and 
it can be interpreted as a theory describing coincident M2-branes at the singularity of 
the orbifold C^/Zk- This theory has following basic properties: 

• Gauge and global symmetries: 



gauge symmetry : U{N) x U (N) , 
global symmetry : S'C/(4) . 

(2.1) 



We also denote trace over U{N) and U{N) as Tr and Tr respectively. 

The on-shell fields are gauge fields, together with complexified Hermitian scalars and 
Majorana spinors {A = 1, 2, 3, 4): 



A,: 


Adj(C/(A)) , 


A^: Adj([/(A)), 


= 0,1,2 , 


= 


(X^ +iA^ A^ 


+ iX^,X^ - iX\ X^ - iX^) 


: (N,N;4) 


— 


{X^ -iX^,X^ 


-iX^,X^ + iX\X^ + iX^) 


: (N,N,4) 


= 




-ix\V'4-«X4,-^3 + «X3) : 


(N,N;4) , 


^t^ = 


(V'2 -iX2,-ipi 




N,N;4) . 



(2.2) 

The action of ABJM theory takes the form (/^ = ^) 

S = Kjd'x e'^^^Tr {^A^d.Ax + '-A^A.A^ - e'^'^^TY {]^A^d,Ax + '-A^A.A^ + 

+ ^Tf (-{D^Y)\d^'Y^ + i^^^^D^^a) + ^Tr {-D^Y\D^'Y)\ + i^Al^D^^^ 
-Vf- Vb] , 

(2.3) 
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where the covariant derivatives are defined as 

D^Y^ = d^Y^ + iA^Y^ - iY^\ , {D^Y)l = B^y), + iA^Y^ - iY^A^ (2.4) 
and similarly for fermions Finally, the potential terms are 



Vf = iTr 
— iTr 



(2.5) 



and 



yIy^y^y'^yI.y^ + yIy'^yIy^yI,y'^+ 



+ wIy^y^y^y^qY^ - qy^y'^yIy'^'y^y^ 



(2.6) 



3. Fundamental string as Wilson line 



In this section we review the description of Wilson loop using fundamental string in the 
bulk of AdS^. We are interested in the configuration when string sigma model is embedded 
in AdS^ only. Since AdS^ can be trivially embedded in AdS^ it is clear that many results 
that were derived for Wilson loops in = 4 SYM are valid also for Wilson loops in = 6 
CS. 

We begin with Nambu-Gotto action 



Sp = Tp J c?r(i(TY^deta^ , (3-1) 



where 

a^^ = d^X"'d„X''gmn , /U, = r, a . (3.2) 

and where tf = J- in our units. In order to describe infinite Wilson line we consider an 
ansatz 

X° = r, Y = a , = X = X{a) (3.3) 

while remaining fields are constant. For this ansatz we have 



Sirr = ^ , Siaa = 9yyd^Yd^Y + g^^^^d^XO^X = ^{l + X'^) (3.4) 



and hence the action ( p.l| ) takes the form 

Sf = tfB? j drda^y^l + X'^ . (3.5) 

Further, the equation of motion for X takes the form 

dJ , ^ ] = (3.6) 

a^VTTX^ 
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that has clearly solution as X' = ^ X = const. Then this ansatz above describes infinite 
long Wilson line. For this line the action takes the form 

rT/2 



dr / da^Vl + X^ = tfR^T / da^ = rpTR^- , 
-T/2 J cr £7^ e 

(3.7) 



where in order to derive finite result we imposed condition that Wilson line is extended in 
time interval {-T/2, T/2). 

Let us add boundary term to the action. Recall that we have firstly evaluate this term 
for arbitrary Y and X, then include the ansatz given above and finally evaluate it on the 
surface Y = a = e 

6Sf = - dT-^Y = 



T/2 SdaY ' 



T T d YY VgooidrX^y ^ _^ ^^^1 

(3.8) 



and we obtain familiar result that 

Sf + 6Sf = Q (3.9) 

that shows that the expectation value of corresponding Wilson line is < >= 1 so that 
this Wilson line preserves some fraction of supersymmetry. We discuss the number of 
unbroken supersymmetries below. 

It is important property of superconformal theories that straight Wilson loop can be 
conformally transformed to space-like circular Wilson loop that has following string theory 
description. To begin with let us consider the metric in the form 

ds'^ = ^{dy"^ + dr^ + r^dcj)^ + dix^) . (3.10) 

y 

Then we consider an ansatz 

Y = a , X° = const, t = (I) ,R = R{a) . (3.11) 

Then 

a.. = ^mYf + {d^Rf) , s^rr = ^ (3.12) 
and hence the action (^]^) takes the form 

Sf = tfR^ J dTda^^{d,YY + {d„RY . (3.13) 
^From this action we easily determine the equation of motion for R 



(3.14) 
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Then it can be easily shown that ( p.l4 ) can be solved with the ansatz 



R^ = K^ -a\ (3.15) 



for constant K. Let us now evaluate the action for the solution (3.15) 

Sf = tfR^ [ dr [ da^y^TTWW = -2t:tfB?K[^ - -] 
Jo cr K e 



(3.16) 



Further, we add to the action the boundary term in the form 

6Sf = - I dr^^Y = -2^r^fi^-^— ^"^^ = -Ittt^- 







(3.17) 



Then we obtain that the whole action is finite and equal to 

Sf + 6Sf = -2tttfR^ = -ttV2X . (3.18) 

using the fact that tf = and = ttViX. 

Let us now briefly review the explanation why the expectation values of the straight 
and circular Wilson lines are different ||6^, at least in case of C FT^^/ AdS^ correspondence. 
As was argued there the origin in the difference is in the application of the conformal 
transformation that maps line to the circle. In fact, in order to map the line to the 
circle we have to add the point at infinity to the line. Then there is a small difference 
in the calculation of the perturbative theory when we have to add a total derivative to 



the propagator. Then it was shown in |67] that the perturbative calculation on SYM side 
agrees with the string theory description of this Wilson line. 

Let us now briefly discuss the space-time symmetries that are preserved by these clas- 
sical string solutions. It can be shown that each string configuration wraps an appropriate 
AdS2 submanifold in AdS^ so that it preserves SL{2,R) x 5*0(2) symmetry of isometry 
50(2,3) of AdS^. On the other hand the string is localized at CP^ so that it breaks the 
original isometry C/(4) of CP^ to U{1) x ?7(3). Further, it can be shown that both these 
string configurations preserve 12 supercharges from 24 supercharges of original background. 

With analogy with AdS^/CFT^ correspondence we suggest that this string configura- 
tion is dual straight and circular Wilson line in dual theory. However we leave the analysis 
of the properties of these objects for further works. 



4. D-branes in Euclidean AdS4X CP^ 

We start by writing down the metric for AdS^ xCP^, which in a particular parametrization 
reads 

ds^ = R?{ds\^s,+^dscp,) 
ds\^g^ = - cosh^ p dt^ + dp^ + sinh^ p [dO"^ + sin^ Odcj)'^) 
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where 



and where 



dscp^ = + cos ^ sin £, Id^ + - cos 6id(j)i — - cos ^2^02 

+^ cos^ C {del + sin^ ^i^i) + ^ sin^ ^ ((^^1 + sin^ ^2^2) , (4-1) 

0<^<^, 0<(/>j<27r, 0<6lj<7r, ,z = l,2, (4.2) 

ie = ^, ,2*0 = :^. (4.3) 

The 't Hooft couphng constant is A = N/k where k is the level of the 3-dimensional N=6 
ABJM model. The relation between the parameters of the string background and of the 
field theory are (for a' = 1) 

i?2 ^ TT^J^ = ttV2X . (4.4) 
At the same time the two-form field strength is given by 



= k{- cos C sin CdS, A {2dip + cos a 



idcpi — cos 



k 

-- (cos^^sin6'ici6'i A #1 + sin^ ^ sin 6*2^02 A #2) 



(4.5) 



and the four-form field 

= ^dn^ds, , (4.6) 
o 

where d^AdSi unit volume form of the AdS4. There exist freedom in determination of 
the three-form C*-^-* and we choose following one 

d3 1 

C7(3) = — — A dx^ A dx^ . (4.7) 
8 y-^ 

The dynamics of Dp-brane in general background is governed by following Dirac-Born- 
Infeld type of action including the Wess-Zumino term: 

S = Sdbi + Swz , 
Sdbi = -TpJ dP+\e''^^/^d^ , 

Aa/3 = dax'^^dpX^GMN + (27ra')J^a/3 , 

Swz = TpJ e(2™')^AC, 

(4.8) 

where Tp is D]>brane tension, a = 0, 1, . . . ,p are the {p + 1) world- volume coordinates 
and where Aa is gauge field living on the world-volume of Dp-brane. Note also that C in 
the last line in (14.81) means collection of Ramond-Ramond fields. 
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4.1 D2-brane 

Our goal is to find D-brane description of Wilson lines in dual 3d theory. In order to do 
this we will consider Euclidean version of ^^5*4 and also write it in the following form 

.,2 



dSAdS4 



■ [{dx^ + dy-^ + dr^ + r^da^\ , fx = 0,1,2 



(4.9) 



where the boundary of AdS^ is at y = 0. Let us consider following D2-brane configuration 

= e° , r = e , a = e , y = y{r) , 
^ = const, 6i = const, (j)2 = const , (j)i = 0i(a) , 

(4.10) 

where ^, 9i, 62, 4>i, (p2 are the coordinates of CP'^. This configuration should correspond to 
a topological two dimensional operator in the dual CFT on the boundary of the AdS4. 
Further, for the ansatz ( [4.1[1| ) the matrix A takes the form 

-, A„ = — (l + y'2). 



^00 



if 



y. 



Acta = ( 1 + y (cos ^ sin ^ cos 9i + cos ^ sin 

yZ 



(4.11) 



where y' = ,(t>i = ■ Then it is easy to see that the D2-brane action takes the form 
Sd2 = t2 j d3Ce"*°VdetA-T2 j C^^^ = 

= 'T2-^ j dx^drda ^^^''(1 + y'^) ^r^ + y'^{cos'^ ^ sin^ ^ cos^ 9i + cos^ ^ sin^ ^i)0i) — -3^ • 

(4.12) 

In order to simplify the analysis we note that the equation of motion for 61 for non-zero ^ 
has two solution = and 9i = n and we choose 9i = 0. Then the equation of motion 
for ^ has solutions for ^ = 0,^or^ = ^ and in order to find non-trivial configuration we 
choose ^ = f ■ Then the action ( |4.12 ) simplifies considerably 



Sd2 = T2 



dx^drda 



1 



(1 + y' 



,/2^ 



r2 + ^(/)2 



r 

3 



(4.13) 



Then the equation of motion for y takes the form 



y^ 



(i + y 



r2 + ^</,2 



d_ 

dr 



y.2 _|_ yiX2 



4 v^i 



+ 



1 ^/l + y'^(t>l 3r 



4y2 



r2 + f </>2 



y^ 



(4.14) 
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while the equation of motion for (j) is equal to 



d 

da 



2 ^ y±^i^ 



y\ + 



(4.15) 



and it can be easily shown that the equations ( [4.14 ) and ( 4.15| ) can be solved with the 
ansatz 



y = Kr 



2a . 



(4.16) 



Similar half-BPS configuration was previously studied in in the case of AdS^ x 
background. The induced metric on the world- volume of D2-brane is equal to 



ds' = gMNd^x^'dpx^ = ^(1 + K^){de? + -^my + (i + ^'m^] 



(4.17) 



that clearly shows that this D2-brane configuration has a topology AdS2 x 5^. Let us now 
evaluate the action on this ansatz 



'8k 



8k 



(4.18) 



where T is regularized interval in direction and where we have introduced a regulator 
e << 1. It is however important to stress that since we consider D2-brane that has a finite 
extend we should take the boundary terms into account. We will discuss the boundary 



contributions in more details bellow. Here we only stress that, following |57], that we 
should add to the action the boundary contribution in the form 



y 

-T2 — 27rT y 



r2 + 



y=Ke 



y^Vl+^ 



1 

-T2 — 27rr— 
8 Ke 



y=tK 



(4.19) 



Consequently we obtain the action after adding the boundary contribution 



S = S + 5S = ^ 



(4.20) 



We see that the action vanishes and hence the vacuum expectation value of the dual 
line operator corresponding to the D2-brane explained above, is equal to one. This is 
a strong indication that the dual line operator is stable and preserves some fractions of 
supersymmetry. It would be really interesting to study these operators from the point of 
view of M QFT, following pi, M. 
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4.2 D2-brane with topology AdS2X 

In this section we present another example of D2-brane solution that has a topology AdS2 x 
S^. Once again we start with the metric on AdS4 as 

ds\dS, = ^[dY'' + {dX^^)\ // = 0,1,2. (4.21) 
This D2-brane can be described by the following paranietrization: 

X0 = ^°, Y = e = c7, X^ = X{a), e = 4>i, 

e = 01 = 62 = ^ = (p2 = const , Foi = -Fio = F . (4.22) 
The DBI part of the D2-brane action is written as 

Sdbi = T2e-*o J d^CVdetA . (4.23) 

Further, there is a WZ term in the following form 

Swz = -iT2 J FA C^^) = -'^-1^ J d^C{2T^a')Fm cos^ ^ cos Oi , (4.24) 

where the non-zero one form R-R field is 

C^;) = |cos2^cos0i . (4.25) 

The fact that the WZ term in Euclidean signature contains factor i implies that we have 
to consider imaginary electric flux so that we can write 

Aoo = ^ , All = ^(1 + X'^) , Aoi = -Aio = i{2Tra')F , 

A22 = ^^(cos^ ^ sin^ ^ cos^ Oi + cos^ ^ sin^ 6*1) , (4.26) 
where X' = dX/da. Hence we obtain 



Sdbi = r2 y d^R^ Va^2^ ^(1 + X'^) - ^^^F^ . (4.27) 

Let us now solve the equations of motion coming from the above DBI action including 
the WZ term. First of all the variation of the action with respect to Oi implies 



^ ^-<&n i^^cos^^singicosgi h_ ^ _ (W)^^2 _ 

^ Vsin^ e cos2 ^ cos2 0^ + cos^ ^ sin^ ^1 V ^ 

- ^ (27ra')F cos^ ^ sin ^i = . (4.28) 

When cos^ 7^ 0, the equation above is solved with 61 = 0,7r and we choose for our 
convenience 61 = 0. Further the equation of motion for ^ implies 



r2e-*°(cos2e - sin^O^^y ^(1 + ^'^) - ^^"""^f - r2A;(27ra')Fcosesine = 



(4.29) 
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Now let us consider the equations of motion for Aq,Ai that again imply the existence of a 
conserved electric flux 11: 

Simplifying the above equations one gets: 



Inserting the above result into the equation of motion for ^ we obtain 

n k 



27ra' 4 



(4.31) 



(4.32) 



Note that this equation is obeyed for any ^. Notice also that in deriving the above, we 
have used the fact that 



i?2 fc2 ■ 

Finally we consider equation of motion for X that takes the following simple form 

da[ ^=1 = . (4.33) 

It is clear that this equation has natural solution X' = X = const.. Then the metric 
induced on the world-volume of D2-brane takes the form 

dsi^ = gmndaX^d^X^^dedi" = ^{{ctef + da^) + sin^ ^ cos^ ^(^^2)' (4.34) 

that clearly has a form AdS2 x S^. 

Let us again compute the current J^^ which takes the form 

(4.35) 



Note that it is again proportional to the number of fundamental strings k. 
Let us now evaluate the action on the solution given above 



S = T2e-^°R^ r d4> ! r dasin^cos^J ^{l + X'^) - ^^^^'^^^ + 

Jo J-T/2 Je V ^ 

+ 4k / dt d(7(27ra')Fcos^^ 

2 Jo J-T/2 Je 
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sin^ i + A;- + — cos^ £ cos^ £ x 



sin £ cos £ \ 4 47ra' 4 



dcr- 



4 



Where deriving above we have used the following identities 



(4.36) 



i?2 - A:2 ' ^ + £ cos2 £ V 2vra' + 2 ''''' V ~ 4 sin^ £ cos^ £ ^"^"^^^ 

Notice that this action derived above is proportional to the world volume electric flux 11. 

4.3 Boundary terms 

The D2-brane solution that we found corresponds to D2-brane that extends all the way to 
the boundary of AdS4 and ends there along a onc-dimensional curve. Since this D2-brane 
action has finite extent we have to discuss the possibility of adding boundary terms to the 
action. These boundary terms should not change the equations of motion and hence the 
solution will still be the same, but the value of the action when evaluated at this solution 
will in general depend on the boundary terms. 

As it is well known that when we calculate the Wilson loop using string surfaces 
the bulk action is divergent but this divergence can be canceled by boundary term as 
we will review in the Appendix. Explicitly, the string that corresponds to Wilson loop 
has to satisfy three Dirichlet boundary conditions on the three directions parallel to the 
boundary of AdS4 , and the seven Neumann ones that combine the radial coordinate of 
AdS4 and coordinates along CP^ and hence it is the appropriate action assuming that we 
have Dirichlet boundary conditions. So we have to add appropriate boundary terms that 
change the boundary conditions. 

In case of the fundamental string we have the coordinate Y with Neumann bound- 
ary condition (before imposing the static gauge). Then it is natural to define Py as the 
momentum conjugate to it 

'^ = j&- 

where n is normal derivative to the boundary. The new action including the term that 
changes the boundary conditions is 

S = S-YoJ drpY (4.39) 

where the integral is over the boundary at a cutoff Y = Yq. In fact, the variation of the 
original action is 

- § - «"^] - /-^«' - /*^*^ • 

(4.40) 
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where we used the fact that the field Y obeys the equation of motion in the bulk. The 
boundary term above shows (since it is proportional to 5Y) that on-shell action is functional 
of Y. Then including the boundary term we obtain 



SS 



= J drlpySY - SpyY - pySY] = - J drSpyYo (4.41) 



and hence the new action is functional of py as it should be. 

Taking a lesson from the review of the boundary term for the fundamental string 
mentioned above we now return to D2-brane action. In case of D2-brane action there is 
another subtlety. The DBI action is a functional of the gauge field, but the Wilson loop 
observable should depend on the variable 11. Then in order to find correct form of the 
action we have to add to it following boundary term 



SS = - dtd(f> 



6C SC / 



Sd^Y Sd^Ao 



= -27rr— — y + 27rTT2 / daUFoa = 

= -r2e*»27rri?— cos^C- , (4-42) 

where = — H = const. Now if we collect all these terms together we obtain 

S + SS = (4.43) 

We find the straight Wilson line has vanishing action after adding the boundary term which 
is the same result as in case of AdS^/CFT^ correspondence. 

4.4 Circular Wilson line 

In order to find this solution we consider following form of AdS4 metric 

dsldS, = ^{dy' + dr' + + d{x^f) (4.44) 

and consider the Wilson line that is siting at = 0. Our goal is to find Wilson line that 
for y = takes the form of circle with r"^ = B?. In order to find such a configuration we 
consider an ansatz 

= <t> , y = a^ = a, r = r{a) , 
Foi = -Fio = iF , (j)'^ = f, ei = e2 = ip = <f>i = const . (4.45) 



Then we easily obtain 



Aoo = ' All = R^\{1 + r'2) , 

y2 yl 



Aoi = i{27ra')F , Aio = -i{27ra')F , 

A22 = (cos^ ^ sin^ ^ cos^ Oi + cos^ ^ sin^ 6*1) , 

(4.46) 



-13- 



where r' = d^r. Then we obtain 



detA = ^^A22(^(l + r 
so that DBI part of the action takes the form 



,2, (2W)2f2 



(27ra')2F2 

^4 



Further, there is a coupling to C^^^ field in the form 



Swz = —iT2 



J {2Tra')F 



AC 



.T2{2TTa')k /" a 



/ 



d'^CFoi cos^^cos^ 6*1 



(4.47) 



(4.48) 



(4.49) 



As in the case of straight Wilson line wc start with the equation of motion for 9i and we 
found that it is solved for 6i = 0, or 9i = tt and we choose for our convenience 9i = 0. 
Further the equation of motion for ^ implies 



T2e-*°(cos2 ^ - sin^ O^V ^(1 + r'^) - 



^4 



— T2A;(27rQ;')Fcos^sin^ = . 



Further, the equations of motion for Aq,Ai imply a conserved electric flux 11 



22 



{2'Ka'YF 



2'Ka'k 



cos^ ^ = n 



(4.50) 



(4.51) 



that allows us to find 
2TTa'F e*o 



n 



+ — cos t, ) 



J2 



If ^sin^ 27ra'cos,^ 2 \j2../i i ..e'"" ( " i ^cocn^ 



'-(l + r'2)- 



(27ra02F2 
^4 



Inserting the above results into the equation of motion for ^ we again obtain 

H _ k 
27ra' ~ ~4 ' 

Note that in deriving the above, we have used the fact that 

e2*o 4 



(4.52) 



(4.53) 



^2 ^2 • 

Finally we determine the equation of motion for r 



^Vl + r'2- 



12 



= 



(4.54) 
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Now we will argue that the ansatz = E? — solves the equation above. Indeed, using 
the fact that r' = — ^ we one can check that the above equation is identically zero. Let us 
now evaluate the action for the D2-brane configuration on this solution 



I' 



i?4 



47rVi)2e*°i?^ cos2 CR[-^ + -] • 

4 It € 



(4.55) 



Further, we have the first boundary contribution at o" = e. We again proceed as in previous 
section for the boundary contributions. Namely, we evaluate the contribution to the action 
for general y, then insert the ansatz y = a and finally evaluated the action at y = e 

" 5C 



SSy = - / d4^d(f> 



^day 



8 eR 

(4.56) 



In the same way the boundary contribution from the gauge fields takes the form 



SSa = ^2 y" J daUFra = 

= 47rV2i?e*°-(l - 2cos2e)— J 



= 47rV2i?e*"^(l-2cos2^) 



1 1 
~R^'e 



(4.57) 



Collecting all these terms together we obtain that the divergent terms cancel as in the case 
of straight Wilson line. On the other hand we find finite contribution to the action in the 
form 

S + SSy + SSao = -47rV2e*oi?^ = ^Sps , (4.58) 

o 4 

where we used the convention that T2 = and where Sps is the fundamental string 
action evaluated on circular Wilson line. Borrowing the interpretation of Wilson lines 
in AdS^/CFT correspondence using D3-branes we can argue that our solution describes 
Wilson line in symmetric | representation where k is level of CS action. It would be 
certainly very interesting to study the problem whether there exists D-brane description of 
Wilson loops in arbitrary representations. We hope to return to these problems in future. 

5. Conclusions 

We have studied in this paper various D-brane configurations corresponding to Wilson 
loops and lines in the boundary of AdS4. We have taken D2-brane as an example and have 
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shown various configurations of tliis in the Euclidean AdS4X CP^ correspond to straight 
and circular Wilson line solutions. We analyzed the D2-brane which has a topology of 
AdS2X and corresponds to straight Wilson line gives vanishing action after adding the 
boundary term. We have also studied the circular Wilson line solution and show that 
the action gives a non-zero contribution after adding the boundary term. One can study 
the D4-brane which correspond to both straight and circular Wilson line in the boundary 
AdS4, however we mention that the action will take a similar form like that of D2-brane 
and hence the analysis is very similar to the one performed in the present paper. 



Note added: While we were finalizing to submit our paper, we came across |62| and [63| 
which have some overlap with our present work. 
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